Two binary (integral type) Darboux transformations for the KdV hierarchy with self-consistent sources are proposed. In contrast with the Darboux transformation for the KdV hierarchy, one of the two binary Darboux transformations provides non auto-Bäcklund transformation between two n-th KdV equations with self-consistent sources with different degrees. The formula for the m-times repeated binary Darboux transformations are presented. This enables us to construct the N-soliton solution for the KdV hierarchy with self-consistent sources.
Introduction
The soliton equations with self-consistent sources have important physical applications (see [1] - [11] ), for example, the KdV equation with self-consistent source describes the interaction of long and short capillary-gravity waves [5] . There are some ways to derive the integrable nonlinear evolution equations with self-consistent sources [1, 2, 3, 12, 13] . In recent years soliton equations with self-consistent sources (SESCS) were studied based on the constrained flows of soliton equations which are just the stationary equations of SESCSs [14] - [19] . Since the Lax representations for the constrained flows of soliton equations can always be deduced from the adjoint representations of the Lax representations for soliton equations, this approach provides a simple and natural way to derive both the SESCSs and their Lax representations [15, 16, 17] . The SESCS is an infinite-dimensional integrable Hamiltonian system possessing t−type Hamiltonian or bi-Hamiltonian formulation [20] and can be solved by the inverse scattering method [1, 2, 3, 21, 22, 23] .
The Darboux transformation is a power tool for solving soliton equations (see [24] for a review). The Darboux transformation for KdV hierarchy was widely studied (see, for example, [24] - [27] ). In the present paper we will generalize these results to the KdV hierarchy with self-consistent sources. We construct one Darboux transformation and two binary (integral type) Darboux transformations for the KdV hierarchy with self-consistent sources. The Darboux transformations usually present auto-Bäcklund transformations for soliton equations. In contrast with the case of soliton equations, one binary Darboux transformation in our case is proved to be a non auto-Bäcklund transformation between two n-th KdV equations with self-consistent sources with different degrees. This provides an interesting example for constructing non auto-Bäcklund transformations by means of Darboux transformations. Furthermore we present the formula for the m-times repeated binary Darboux transformations and construct the N-soliton solution for the KdV hierarchy with self-consistent sources.
The paper is organized as follows. In the next section we recall the KdV hierarchy with self-consistent sources and briefly describe how to derive their Lax representation from the adjoint representation of the Lax representation for the KdV hierarchy. In section 3, we briefly review Darboux transformations for the KdV hierarchy and present two binary Darboux transformations. Based on these results, in section 4, we propose one Darboux transformation and two binary Darboux transformations for the KdV hierarchy with selfconsistent sources and show that the first binary Darboux transformation gives the autoBäcklund transformation for the KdV hierarchy with self-consistent sources, and the second binary Darboux transformation leads to a non auto-Bäcklund transformation relating two n-th KdV equations with self-consistent sources with different degrees. Finally in the last section we present the m-times repeated binary Darboux transformations and construct the N-soliton solution for the n-th KdV equation with self-consistent sources.
The KdV hierarchy with self-consistent sources
To make the paper self-contained, we first recall the high-order constrained flows of the KdV hierarchy and briefly describe how to derive the Lax representation for the KdV hierarchy with self-consistent sources.
Consider the Schrödinger equation
In order to derive the Lax representation for the KdV hierarchy with self-consistent sources, we rewrite the equation (2.1) in the matrix form
The adjoint representation of (2.2) reads [28] 
and in general for k = 1, 2, ...,
where
and take
or equivalently
Then the compatibility condition of Eqs (2.1) and (2.8) or (2.2) and (2.7) gives rise to the KdV hierarchy
. We have
The high-order constrained flows of the KdV hierarchy consist of the equations obtained from the spectral problem (2.1) for N distinct λ j and the restriction of the variational derivatives for the conserved quantities H n and λ j [29] 
where n = 0, 1, · · · . According to Eqs (2.5), (2.10) and (2.11), we may define
Then the construction of a i , b i , c i ensures that
where η is a constant, also satisfies the adjoint representation (2.3), i.e.
which gives rise to the Lax representation of the constrained flow (2.11).
The KdV hierarchy with self-consistent sources is given by [16, 17] 
Since the high-order constrained flows (2.11) are just the stationary equations of the KdV hierarchy with self-consistent sources (2.13), it is obvious that the zero-curvature representation for the KdV hierarchy with self-consistent sources (2.13) is given by 14) with the auxiliary linear problems 15) or equivalently
Let assume that all products φ j ψ decay at x = −∞ and that
·dx. It is easy to find from (2.13b) and (2.16a) that
Let denote
Then equation (2.16b) can be rewritten as
When n = 1, the equation (2.13) gives the KdV equation with self-consistent sources 19b) and the auxiliary linear problem reads
The Darboux transformation for the KdV hierarchy
In this section we recall the Darboux transformation for the KdV hierarchy (see [24] for a review, [25, 26, 27] ).
(1) The Darboux transformation for the KdV hierarchy. Assume that u be the solution of the n-th KdV equation (2.9) and denote the fixed solution of (2.1) and (2.8) with λ = ξ by f = f (x, t, ξ). The Darboux transformation (DT) is defined byφ
It is known that the Schrödinger equation (2.1) and (2.8) are covariant with respect to the action of the Darboux transformation (3.1), namelyφ,ũ satisfỹ
andũ satisfies the n-th KdV equation (2.9). Eqs. (2.8), (3.1) and (3.3) imply that
So the covariance of (2.1) and (2.8) with respect to the action of DT (3.1) leads to the following lemma.
Lemma 3.1 If u is the solution of the n-th KdV equation (2.9 and f is a solution of (2.1) and (2.8) with λ = ξ and the Darboux transformation is given by (3.1), then the formula (3.4) holds.
We now construct the binary Darboux transformation.
(2) The first binary Darboux transformation. Also, it is known that the linearly independent solution of (2.1) and (2.8) with λ = ξ is given by the Liouville formula
The DT (3.1) implies thatg
is one of solutions of (3.2) and (3.3) with λ = ξ andũ given by (3.1b). The linearly independent solutiong 1 of (3.2) and (3.3) with λ = ξ is once more given by the Liouville formulag
By using f andg 1 , performing two-times repeated DT of (3.1) (notice that the right side of (3.1a) can be added a constant factor) and using (2.17) give rise to the binary Darboux transformationφ
Obviously, the equation (2.1) and (2.8) are covariant with respect to the action of the binary DT (3.8), namelyφ,ū satisfyφ 10) and thisū satisfies the n-th KdV equation (2.9). It is found from (3.8), (2.8) and (3.10) that
So the covariance of (2.1) and (2.8) with respect to the action of binary DT (3.8) leads to the following lemma.
Lemma 3.2 If u is the solution of the n-th KdV equation (2.9 and f is a solution of (2.1) and (2.8) with λ = ξ and the binary DT is given by (3.8) , then the formula (3.11) holds.
(3) The second binary Darboux transformation. Also the combination ofg andg 1 gives a solution of (3.2) and (3.3) with λ = ξ
By using f andg 2 , performing two-times repeated DT (3.1) leads to second binary Darboux transformationφ
Also the equation (2.1) and (2.8) are covariant with respect to the action of the binary DT (3.13), namelyφ,ū satisfy (3.9) and (3.10),ū satisfies the n-th KdV equation (2.9) . Similarly, the covariance of (2.1) and (2.8) with respect to the action of binary DT (3.13) leads to the following lemma.
Lemma 3.3
If u is a solution of the n-th KdV equation (2.9 and f is a solution of (2.1) and (2.8) with λ = ξ and the binary DT is given by (3.13), then the following formula holds
(3.14)
4 The Darboux transformation for the KdV hierarchy with self-consistent sources
Based on the Darboux transformation for the KdV hierarchy, we now construct Darboux transformation and two binary Darboux transformations for the KdV hierarchy with self-consistent sources. The first binary Darboux transformation is an auto-Bäcklund transformation for the n-th KdV equation with self-consistent sources (2.13). The second one is a Bäcklund transformation relating two n-th KdV equations with self-consistent sources (2.13) with degree N and N + 1, respectively.
(1) Darboux transformation for the KdV hierarchy with sources.
Theorem 4.1 Assume that u, φ 1 , ..., φ N be the solution of the n-th KdV equation with selfconsistent sources (2.13) and f 1 satisfies (2.16a) and (2.18) with λ = ξ 1 , then the Darboux transformation is defined byψ
the Lax representation (2.16a) and (2.18) are covariant with respect to the Darboux transformation (4.1). Namelyū,ψ,φ j , j = 1, ..., N, satisfȳ
andū,φ 1 , · · · ,φ N satisfy the n-th KdV equation with self-consistent sources (2.13)
Proof Based on the results in the previous section, it is obvious that (4.2) and (4.4b) hold. In order to prove the (4.3) we need to show the following equalitỹ
The Lemma 3.1 implies that equality (3.4) with φ replaced by ψ holds. So we only need to check the terms containing φ 1 , ..., φ N in the equality (4.5), i.e., to show the following equality
Using (4.1) and (2.17), we havē
and the left terms in (4. Proof It is obvious that (4.2) and (4.4b) hold. Similarly, in order to prove the (4.3) we need to show the equality (3.11) with φ, A (n) replaced by ψ, Q (n,N ) . In fact, using Lemma 3.2, we only need to check the terms containing φ 1 , ..., φ N in the equality, i.e., to show the following equality
Notice that
Using (4.9) and (4.11), we haveB
and the left terms in (4.10) = α α, then the second binary Darboux transformation is defined bȳ 
andū,φ 1 , · · · ,φ N +1 satisfies the n-th KdV equation with self-consistent sources (2.13) with degree N + 1ū
Proof It is easy to see that (4.14c) holds for j = N + 1. So, based on the results in previous section, it is obvious that (4.15) and (4.17b) hold. Similarly, in order to prove (4.16), by using Lemma 3.3 one only needs to check the terms containing φ 1 , ..., φ N ,φ N +1 in the equality (3.14) with φ, A (n) replaced by ψ, Q (n,N ) , i.e., to show the following equality
By means of (4.11) and (4.12) with ∂ −1 f 
Using (4.13) with
By substituting (4.14c) into (4.20) and comparing it with (4.21), it is easy to see that equality (4.18) holds. The equations (4.15) and (4.16) yield (4.17) . This completes the proof. Remark The binary Darboux transformation defined by (4.14) is a non auto-Bäcklund transformation relating the two n-th KdV equations with self-consistent sources (2.13) and (4.17) . This Darboux transformation can be used to construct the soliton solution for (2.13).
For example, in order to find one soliton solution for the KdV equation with self-consistent sources (2.19) with N = 1, we start from the solution u = 0 for the KdV equation with selfconsistent sources (2.19) with N = 0. The solution for (2.20) 
αt .
Then one finds from (4.14) that
which is the one soliton solution for the KdV equation with self-consistent sources (2.19) with N = 1.
The m-times repeated binary Darboux transformation for the KdV hierarchy with self-consistent sources
It is evident that the Darboux transformation can be applied to (4.2), (4.3) and (4.15), (4.16) once more to produce some new solutions for the KdV hierarchy with self-consistent sources.
(1) The m-times repeated second binary Darboux transformation. Assume that f 1 , ..., f m be solution of (2.16a) and (2.18) with λ = λ N +1 , ..., λ N +m , respectively. We use
to denote the action of i-times repeated binary Darboux transformation of (4.14) on the initial solution u, ψ, f j , φ j . We have
We define two integral types of the Wronskian determinant of k functions g 1 , ..., g k in a similar way as in [27] by
3)
Proof According to (4.14), we have
so using (4.11)
where 
.
In the similar way the formula (5.4) can be proved. This completes the proof. α. Then the m-times repeated binary Darboux transformation of (4.14) is given by
proof Using (4.14), (5.3) and (5.4), one obtains
Similarly we can prove the (5.7c) and (5.7d). It is easy to find (5.8), (5.9) and (5.10) from the Proposition 4.3. The m-times repeated binary Darboux transformation (5.8) provides a Bäcklnud transformation relating two n-th KdV equations with self-consistent sources (2.13) with degree N and N + m, respectively. We now use the N-times repeated binary Darboux transformation (5.7) to construct the N-soliton solution for the n-th KdV equation with self-consistent sources (2.13) with λ j = −k 2 j < 0, k j > 0, j = 1, · · · , N. We start from (2.13) with N = 0.
α, then (2.16a) and (2.18) reduce to
which solution is given by where f j is given by (5.13).
(2) The m-times repeated first binary Darboux transformation. We define
where F ij = ∂ −1 (g i g j ), i, j = 1, ..., k, G ij = ∂ −1 (g i g j ), i = 1, ..., k − 1, j = 1, ..., k, G kj = g j , j = 1, ..., k.
In the exactly same way we can prove the following theorem. In the exactly same way we can prove the following theorem. 
